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THE  SUDivIARINE  APPROACH  PROBLEM 
1. ProbltiE  and  Results 
The  Problem! 

A submarine  X sights  a vessel  Y.  X determines  Y's  course,  speed,  and 
position.  He  then  must  decide  whether  it  is  possible  to  intercept  Y or  not. 

If  X can  intercept  Y,  then  he  is  interested  in  knowing  the  courses  and  speeds 

that  are  available  to  him  for  making  the  interception.  In  particular,  he 

would  like  to  know  the  course  and  speed  that,  "ne  should  use  so  that  the  energy 

remaining  in  his  batteries  after  the  interception  is  the  greatest  possible. 

Figure  1 illustrates  the  generic  situation  with  which  X is  confronted 
v/hen  an  interception  is  possible.  Here  V is  Y's  speed,  U is  the  speed  X must 
“travel  for  time  T to  intercept  Y at  P along  the  course  , D is  the  origi- 
nal distance  between  X and  Y,  and  is  the  angle  X makes  7/ith  Y's  bow. 


FIGURE  1 
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The  following  assumptions  and  restrictions  are  imposed  on  X and  Ys 


a)  The  energy  available  to  X fro-,  his  batteries  in  a 


(T  given 


in  hours)  is  : 


(1.1) 


h <‘i)  -2  v ( 

A'  ' ‘so  ' 


- VtTT 

(1  - e ). 


is  the  total  energy  in  X's  batteries  and  can  range  between  5,000  and 
15,000  kilowatt  hours,  b is  a constant  which  depends  upon  the  battery  con- 
struction and  can  range  between  2.5  and  4.5  hours, 

b)  The  energy  that  X will  expend  while  traveling  at  the  speed  U 


for  one  hour  is: 


(1.2) 


P = cU<r\ 


Consequently  the  energy  expended  by  X in  traveling  a tine  T is  given  by 


(1.2*) 


PT  = cTU  ff~*  . 


P is  in  kilowatts,  c is  in  kw/fknots)®-  and  ranges  between  0.5  and  2.5. 

c)  It  is  further  assumed  that  Y's  track  is  a straight  line  and 
X cannot  travel  at  a speed  in  excess  of  IS  knots. 

The  Results*  — 

In  Section  2,  with  the  preceding  assumptions  the  question  as  to 
whether  or  not  X can  successfully  intercept  Y is  answered.  This  is 
accomplished  br  constructing  a contour  about  Y so  that  if  X is  inside  of  nr 
on  the  contour,  then  he  is  able  to  intercept  Y.  If  X is  outside  of  the 
contour,  an  interception  is  impossible.  Three  methods  for  determining 
this  contour  are  discussed. 
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Sec  ..ion  3 discusses  a naxinsiity  criterion  and  derives  .-.or relations 
which  are  used  m tbo  ] 'ter  sections. 

In  Section  A,  a relation  of  Section  3 is  employed  to  determine  the 
"minimal  energy"  contour,  a curv*-.  which  lies  in  the  interior  cf  the  inter- 
ception domain.  It  possesses  the  property  that  if  X lies  inside  of  or  on  it, 
then  there  exists  a r.n'nuc  course  /3  which  depends  only  on  the  angle  tX 
and  such  that  the  enerry  ex  ended  by  X in  making  an  interception  with  the 
course  is  less  t-iuin  the  energy  expo nded  by  X in  making  an  interception 

with  any  other  course.  Clearly  it  is  to  X's  advantage  to  use  ^ ?or  his 
interceoticn  course  whenever  this  is  possible. 

Section  5 discusses  appro:: i.aations  c,o  the  intercection  contour. 

The  report  concludes  with  Section  6 which  considers  the  problem  of 
calculating  the  probability  of  X bein^  able  to  successfully  intercept  Y. 

An  apnendix  lists  the  mrlial  derivatives  of  the  equations  cf  the 
interception  contour  and  minimal  o r.err,r  cm/ cur  vith  reci'cct  fc  the  para- 
meters of  the  roblem. 

2 . The  Interception  Contour 


Let  T be  so-  e fi/e-:  f o.  'formula  (3.1)  tells  us  that  X has  avail- 
able in  this  seried  cl'  time  the*  energy  E^(T).  Upon  combining  (1.1)  and  (1.2V 
we  obtain  the  greatest  speed  at  which  X can  travel  for  the  period  of  time  T, 
namely: 


(2.1) 


v» 


u = 

sa(t) 

cT 

o 

'Ar 


+ 4-Vio  r:  f*  fiVin  t.  TT  * 


spaed  is  miven  by  (2.1). 
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-erception 


aval. 


can  intercept  I from  every  point  within  and  on  the 


circle.  On  the  other  hand 


be  T,  then  it  is  impossible  for  X to  intercept  T from  any  point  that  lies 


FIGURE  2 


definite  period  of  time.  Thus  if  we  let  "T  vary  over  all  positive  values 


the  resulting  configurations  upon  one  another,  we  obtain  a region 


which  consists  of  all  the  points  from  which  X can  intercept  X..  This  region 


may  oe  a pprox iwa  ceu  oy  uaiciiig  cuj.y  s nuj-up  uuwuor 


the ' resulting  configurations  upon  each  other,  and  'constructs hg  the  convey 


hull  of  the  resulting  domain 


V 
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Fi cures  3,  4,  5,  and  6 on  the  following  caces  are  illustrations  of 
•.his  method  of  up- rcxirrv.tinr  the  contour.  Table  1 which  precedes  then  gives 
the  caicul:.  r.c  of  th  "T's  hich  vere  \ir ir.  their  construction.  Due  to 
the  restrictions  imposed  by  the  size  of  the  -,;aper  on  which  this  report  is 
reproduced,  the  interception  -ontours  have  been  closed  off  for  30,  30,  24, 
and  20  hours  respectively . In  Figure  3 ••‘here  Y's  speed  was  taken  as  5 knots, 
the  contour  is  a circle  because  of  the  time  restriction.  Since 


(2.2)  UT  = (E^  /c) 


/ o - • 

1 /<5~  — 

' < rr\  * 


- fT/h  1 i/<r 


is  a monotone  increasing  function  of  T,  it  is  fairly  apparent  that  the 
^'•-coordinate  of  the  contour  increases  indefinitely  with  the  tiwe. 

From  the  previous  discussion  it  is  seen  that  the  interception  contour 
is  the  envelope  of  a family  of  circles.  A generic  member  of  this  family  is 
given  by  the  eauation 


(2.3) 


(x  - V?)2  + y2  - (UT)2  = 0, 


where  the  origin  for  the  frame  of  reference  is  Y’s  original  position. 

The  equations  of  the  envelope  to  the  family  arc  found  by  differenti- 
ating (2.3)  with  respect  to  time  and  taking  the  resulting  equation  together 
with  (2.3),  i.e.,  _ 

(2./)  f (x  - VTr  + T - (UT)  = 0 


Y(v  _ VT)  + UT  -d-  UT  = 0 


-d-  f Ut]  = 

dT  4 J 


Thus  the  intercertion  contour  is  river,  by  the  equations 


(2.5) 


v — 'rT  _ UT 
X - . r — 


y = i UT 


h [ 

1 - <1  art"1] 


where  UT  is  given  by  (2.2) 


RESTRICTED 


^Tf?',CTE_D 


6. 


¥ 


r 

T 

' 

% 

e 

— 

&»C0 

cT 

T " ‘ 

1 

u 

UT 

.20 

. csco 

.:82? 

7S-37 

.1463 

1463. 

U220. 

11  10 

4.620 

.40 

.1600 

4ooO 

<.]oi 

■■»*■  1 1 

3/17 

*242. 

lo  10 

? 080 

,6o 

2000 

4*17 

6127 

■ iziz 

22  72. 

6 4 S'*. 

18-61 

11.17 

,2o 

32.00 

*6*7 

*6*0 

4320 

4320 

3400. 

17*4 

\ <v  o3 

1.00 

.4000 

.6324 

*2 1 3 

.46?/ 

4687. 

4fc87. 

1 u 14. 

. W4  • • 

16.74- 

>.50 

• fcooo 

•7746 

• 4feo1 

.*511 

*371. 

3*74. 

i*,U 

12.1? 

2 00 

.8000 

• 8144 

• 4o88 

•Sill- 

„ 

*7 12-. 

21*6. 

i4-3r 

18.70 

100 

1.100 

1 0S5" 

■6fcS6 

6666. 

ml. 

1304 

33.12— 

4.oo 

1.600 

t.UT 

.1812. 

in* 

Tl?. 

ni4. 

a.ir 

4?,  60 

5700 

2.000 

1.4(4 

1421 

•K6* 

7*68. 

1*1 4. 

11.4* 

57.4C 

6.00 

2.400 

I.S41 

.iixr 

.1273- 

18  7l' 

HH. 

ioir 

gjt.Io 

7.00 

2.800 

1.613 

• 1877 

■ 5113 

?\2  3. 

1I6O. 

io.n 

• 4*7 

?i)0 

3.200 

nt% 

-«> 

■S321 

8321. 

io4l. 

10.(3 

81.04- 

l.oo 

3.600 

1.847 

l*CO 

.8S00 

8*00. 

744.4 

1.111 

8tf.30 

10.00 

4.000 

2.ooo 

• »3*3 

• 3647 

8647. 

864.7 

7*27 

1*.17 

n-oo 

4.400 

1.018 

1177 

.8773 

8713. 

777.*" 

7.173 

101. 0 

ilOO 

4.800 

1.171 

.HI* 

.m2- 

?8«1. 

740.1 

7.046 

to?,  fe 

1300 

£.100 

2.180 

.1023 

.2417 

8777. 

| 610.6- 

8.821 

114-.% 

14.00 

S.bOO 

2166 

•^31 

.406 » 

7061. 

641.1- 

8 6*0 

111.  \ 

iS.oo 

6.000 

1.441 

•S2ti 

•1l3fc 

7136. 

607. 1 

8.477 

117.1 

164)0 

fe.tjoo 

2.S10 

.0TS1 

7101 

1201. 

n/r.i 

8.3lb 

•33.0 

17.00 

6800 

2.608; 

■of  Jo 

• U60 

7260. 

*44.7 

8.167 

•38T.  ^ 

HOC 

1 200 

1 683 

.0613 

1317 

7317. 

*"*7.fe 

8 oil 

i4  4.*- 

il.00 

7.600 

1.7*7 

.0634 

.7366 

7366. 

411.1 

7.811 

1*0.1 

20 -00 

8-000 

1.82* 

0*41 

•74«1 

14  07. 

470.4- 

7.172. 

is  s'.  4 

11.00 

?.4oo 

1818 

•o?l| 

•1441 

7447. 

4*0.0 

7.663 

160.7 

2.100 

8.&0O 

2.-766 

4475" 

748*. 

4li.  i 

i.iiT 

1 6 6 . 2- 

2300 

7.100 

3033 

• 04«1 

•7*18 

in  8. 

4 13.8T 

1.4*1- 

111.  'V 

24-00 

l.fcOO 

301* 

o4*i 

1*41 

7*41. 

317.1 

T.irr 

\7  6.  s' 

V^'40 

10. oo 

3-162- 

■o4t3 

7*77 

7*77. 

3*3,1 

7.143 

m.| 

16.00 

10 .4  0 

uir 

•OTtf 

.7601 

7602. 

36%  3 

7.i74- 

186.*" 

IIjOO 

4)80 

3.186 

.0314 

162*' 

762£ 

3*6.  S' 

7.071 

111-4 

280c 

II. 10 

2.247 

o3S2- 

.7647 

1647. 

544  n 

l.oio 

116.3 

tfco 

li.fco 

3.406 

■0332 

1667 

1667. 

333.3 

6133 

le.'.O 

Z0.00 

12.0  0 

34CU 

• e?  i3 

•1b87 

1687. 

311.1 

6 .4*60 

2«*.r 

V\S\-F_ 


t-2.r  |04 


V - 3 


jaiBiiininnwimBi 


1 

RESTRICTED 


RESTRICTED 


II 


Her. co  ~ nether  method  of  determining  the  interoertior.  err. tour  would 
be  to  lot  the  function  UV  against  T and  from  *h  s curve  find  -!4~  / "T  | 

dT  L J 

prarhically . These  v..?nes  ~ay  then  be  used  in  (2.5 ) to  calculate  the  con- 
tour. Or  since  (2.5)  ;:.ay  be  ’.-r  it  ten  in  the  fore 

-12 


u/,)  f xr [*] 


JWY 


( l * 

- ^ tt 


[ ur]  2) 


[UT]J 


may  be  .•lotted  against  T and  the  same  procedure  used.  We  have 
not  tried  this  method  for  calculatin'*  the  contour  and  thus  do  not  know 
whether  it  has  any  merit  or  not. 

If  formula  (2.2)  is  differentiated  with  respect  to  time  the  result 
may  be  cut  in  the  form 


(2.7) 


£ frJ  S-  [ 


( «“-!)  + i/T/b 


E - E (T) 
ao  A 

ea(t>  " 


J 


Table  2 is  a continuation  of  Table  1 and  gives  the  calculation 
of  the  coordinates  of  the  interception  contour  by  means  of  (2.7)  and  (2.5) 


3 . A toximal lty  Criterion 

The  following  theorem  gives  a set  of  sufficient  conditions  for 
X*s  position  to  • « in  the  interception  contour.  Unfortunately  it  is  not 
applicable  to  the  available  energy  function  E^('f)  = E^O.  - e ' ). 

However,  it  is  applicable  to  other  available  energy  functions  and  suggests 
another  way  of  looking  at  the  main  problem. 

oC  and  V shall  remain  fixed  throughout  the  discussion.  Recon- 
sider Figure  1.  It  th9n  is  readily  seer,  that  fixing  any  two  of  the  three 
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variables  D,  , and  T uniquely  determines  the  tv>jrj4  771  th  this  in  mind 
we  shall  use  the  symbol  F(^  , D)  to  mean  th»  energy  available  to  X when 

attemptinf  an  interception  of  Y when  the  situation  is  described  by  Figure  1 
Similarly  the  sy  bcl  E(  ,D)  shall  mean  the  energy  tha*  X would  expend, 

if  he  mires  an  interception  of  Y under  the  same  circumstances. 

Theorem:  Let  the  function  describing  the  available  energy  of  X have  the 

property  that  EA(T)/T  is  a strictly  monotone  decreasing  function  of  T,  If 

r n n • , 'X  , 'Z  , n EA(  A 3)  _ Ea(  A »D) 

further  there  exists  a B and  a D such  that  — — ^ — = 1 and-^ 

attains  its  maximum  at  A independently  of  D,  then  D is  maximal, 

' ^ £ ( A JjJ 

Proof:  We  consider  any  D > })  and  chow  that  ! 

E(  ^3  *D) 

i.e,,  it  is  impossible  for  X to  intercept  Y for  D y D, 

By  the  last  assumption  we  have: 


^ 1 for  all  X 


(3.1) 


Ea(  A ,D) 


Ea(  A ,D) 


E(  ,D)  “ E(  fi,D) 

It  is  seen  from  Figure  7 that  U'  = U.  Thus 


(3.2) 


E (jA  .D)  _ cTU  _ c(T  + A DU* 
T T T + 4 T 


iLfi.  .,Pl 
T V AT 


\ 


i(UkT/ >1 

FIGURE  7 


KES'rRICinD 


1 


'-•»  i 


kV  . - »- 


which  proves  the  t.ua.-raa. 

Let  us  consider  the  Toll  o:n 


-'I  E.f?) 

A ' 

b)  3a(T) 

c)  £,(•) 

1* 

■:’)  S.  (T) 


KT 


It  is  fairly  easy  to  check  that 
decreasin'-  function  for  a),  b) , and  c) 
should  be  remarked  that  this  condition 
the  lfAicircur.  seeed  thatX  car  travel  for 
maximum  speed  tiiat  he  is  able  ti  travel 


Z (T)/T  is  a strictly  none'. one 

A 

and  cone  tar  t fc-r  d).  Perha  ~r  it 
ia  o uiv  lent  tc  a'.ann’ir.-  that 
the  ti.v.e  T + ^ T is  leas  than  the 
fer  -he  tine  T. 


Suppose  X's  av:  i]a'-'e  enerrv  function  is  E^(T)  = X.  An  auplica 

tion  of  the  lav.’  of  sines  to  Figure  1 "ives: 

(3.4)  sir.(  oi  + <3  ) sin  /j  sino£ 

Id  = VT  “ = "~UT 


i 


i 

I 

i 

i 


m 

l 
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K 


(3.')  A ,C) 

E(  £ , D'  " 7fu 


„ K . I.:  («  + ^_)_  ( r.in/g  ? 


^ 1 


cD*. 


r VI  ~ 


(■-- r.  * ) 


If  we  differentiate  (,.')  •:ibk  r s.  -c:t  to  ^ 


.nnt  ,.:ie 


rr.ay 


(5.6) 


*kiA 


- K °xn  " [(Tsirx  ( <*  + /3  ) corVJ  - rin «] 

(j6  E(  ^ ,D)  c DV  L ‘ ' J 

Upon  insoectir.r  (3.6)  .e  sec  -.Rat  ft  h-.s  minir, 

E(  £ ,b) 


*r.  s 


ar  ^ - 0 and 

A = and  attains  its  maximum  at  '"here 

(3.7)  (S*- sin(<9^  + ^ ) cos  ^3  - sin  0^  = 0. 

If  we  assrnne  E.(?)  = E fl/b,  i.e.,  the  first  term  in  the  ex- 

fJ3 

__ 

mansion  of  E^Cl  - e ) , then  upon  rrocedinp  as  in  the  last  paragraph, 


(3.8)  EA(fi  ,D)  F^/sin  ( * + ^ ) sin  ^ ^3 


El 


^ ,D)  cf^Ti 


inC* 


Amain  preceding  as  before,  it  is  easy  to  sec  that  *he  maximum  of  (3.8) 


occurs  a 


(3.9) 


■••here 


2 sin  ( +^3  *)  cos  /&  * - sin  0(  = 0. 
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If  • c c. 1 1.  t to  th  m. of  ~*'v  fi  ,D^  V;ith  r 

E(  A ,d) 

„ - / T/fc  ' 

to  A in  t;.u  cc.no  ' h ore  E ( i')  - E (1  - e ' ),  v:e  find  trot 

n CO 


SgCCt 


uixirur.  ne  o 


If  ?,.(?)  - j:T,  then 


Ea(  fi  ,D)  _._KT k/ sin/3 

~ eT/TTdT  ” cTU^"  c " 


<T 


^ “i 

and  this  function  las  its  maximum  a . ^ = ^"/2. 
4.  The  Minimal  Energy  Contour. 


In  the  last  section  found  the  maximum  of  K/l(  /3  ,D)  to  be 
$ i.e.,  the  angle  which  satisfies  equation  (3.V).  Clearly  is 

also  the  minimum  of  E(^  ,2)  and  thus  it  is  the  course  X must  employ 
if  he  is  to  use  the  least  energy  in  making  an  int.e.  cept.ion , Hence  it 
is  of  interest  to  determine  exactly  when  it  is  possible  for  X to  inter- 
cept Y if  the  interception  course  is  /Q  . 

We  rrive  the  answer  to  this  problem  in  terms  of  a second  curve 
which  we  cal.  the  minimal  energy  contour.  It  enjoys  the  property  that 
if  X is  inside  of  or  on  this  con~o  r,  then  he  can  intercept  Y by  using 
the  course  £ and  in  so  doin'-  use  a minimal  amount  of  energy.  If  X 
lies  outside  of  this  contour,  he  still  may  he  able  to  intercept  Y,  but 
he  must  adopt  an  interception  course  greater  than  ^ in  order  that  he 
have  enough  energy  available  to  make  the  interception. 
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Vi'o  ..O'  .;olor:.ii.r  Hu-  o ua'io.:  of  '.h’is  contour.  From  Fi-  ure  1 


o 'oor  i no  v 


: : , ion  or.:;-.  .r 


tii-3  u -per  int.3:-socv-o..  omt  of  t no  r.r^os: 


^ • i]  f . 2 x . 2 2 


^ (::  - VI)'  -r  ;/•"  : (UT 


U.2) 


’•r  )2  4.  D’  - (IT 


(UT)“  - (:c  - V?)‘ 


Fov;  equation  (3.7)  :.~y  to  1.;  'he  for;.-. 


( / O 

\ *t  * ✓ / 


CCS  /J  = sin  °< 


_ UT 


(J~ r>in(  p(  + 


An  application  of  the  law  of  cosines  to  Figure  1 gives 


(4.4)  (VT)'  = d"  + (UT)"  - 2DUT 


— — ^ 

Using  (A. 3)  to  eliminate  cos  ^ from  (4.4)  and  solving  for  , 

obt>&  u-Ai  • 

2 2 (>  0 
(4.5)  D - (VT)  - (— -W^)  ( UT)  . 

Upon  substituting  (4.5)  into  (4.2)  we  find  the  equations  of  the 
minimal  ener~-  contour  to  be 


(4.6) 


ht  1 TT 

x - VT  - Jit  U 

V CT 

y = + wrjl  -jl  2 


where  U is  riven  by  the  formula  (2.1). 


CT7CTDTr,'m?'n 


I 


M^Ti.ICTED 


It  o Id  h 

, , *■ 

O v. 

0 - 
cr‘ 

..j  . iven  by  (2.7)  r. 

that 

'he  minimal  < 

ir.tnr 'e"tior  con'  oi;  - 

ith  1 

v:  T. 

*o  i;:.v^  rO’*? 

n 

1°  X 1 ier  1: 

vUti  wUi.i.  y ^ ... 

(3.7)  0^’3in( 

1 fi) 

cs  ^3  - 

Sup  ose  e let 

: ['TT  - ♦ 

expression  into  (3.7) 

. Upon  simpl ifyi.n 

^.Uin  a . si,-.  r ; 

Thus 

- sin 

cX  = o. 

(4.7)  sir.  Y*  - 

and 

(T_ 
c r 

_2.  sin  o( 

(i.i)  . : [ 

7 T 

- c(  4 arcs 

curse  jQ  ..he 


.ere 


and  then  substitute  this 


csin  f 2 sin  p(l  I 

L <T 


The  fact  that  ^ depends  only  upon  o{  allows  us  to  calculate 
the  minimal  energy  contour  as  a function  of  in  a relatively  simple 
manner. 

(liven  ^ v.e  determine  by  (4.8).  U is  then  given  by 

U = _V  sin  . To  obtain  the  reatest  D we  must  hav^  the  available 
sin/3 

energy  equal  to  the  energy  used  or  equivalently  that  U = U.  The  time  T 
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that  gives  us  the  U which  satisfies  this  condition  may  be  found  by  clot- 
ting U against  time  and  f incline  the  intersection  of  the  resulting  curve 
”.'ith  the  horizontal  line  U = 3incc  UT  -.rill  probably  have 

been  plotted  for  the  interception  candour,  aha  same  ends  may  be  accom- 
plished by  finding  the  intersection  of  the  line  uT  = — ’ . -f  ^.n  ^ - T with 

sin 


this  curve.  Once  T is  found  b is  -»iv“n  by  D = VT 


3.  Approximations  to  the  interception  Contour 


sin(  o(  + Q ) 


sin  ft 


The  minimal  ener~y  contour  may  also  be  thought  of  2.3  an  approxi- 
mation to  the  interception  contour.  The  reason  for  Id. is  is  that  the 
course  is  the  cne  a should  use  to  maximize  D,  if  his  available  ener- 
gy is  constant.  Thus  the  minimal  energy  contour  will  lie  close  to  the 
interception  contour  whenever  the  interception  contour  is  generated  by 

.-IV u 


.he  nearly  flat  part  of  F-^(i  - e ' ) . If  we  let  T ^ be  the  inter- 

ception time  when  X makes  an  angle  of  1£0°  with  Y's  bow,  it  is  easily 
seen  Ll*ut  T^-*  gives  the  first  point  of  the  interception  contour  in  the 
sense  that  all  other  points  are  found  by  using  times  greater  than  T-^- 
Since  T increases  as  V decreases,  we  see  that  the  minimal  energy  con- 

tour will  nearly  coincide  with  the  interception  contour  when  V is  small. 

~ * 

In  Section  3 we  saw  that  Aa  is  the  course  X should  use  to 
maximize  D,  if  his  available  energy  is  given  by  E / T/b.  Upon  preeed- 
ing  as  in  Section  4,  we  find  that  the  contour  determined  by  the  course 
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and  ITT  has  the  equations, 


(5.1)  f x = VT  - 3E  (2  -^--A)  il 

J V 26" 

I ..  , 7bp  S 2 6~  - 1 UT 

V.'  =±  ^ " ‘j  t J 

and  that  * is  given  by  the  formula 


(5.2) 


/3  * - 4 J T - «■ 


+ arcsin 


-Cl*."  1.  sin  ©( 


rr- 


For  the  lack  of  a better  name  we  call  this  curve  the  parabolic 
energy  contour.  It  is  readily  seen  that  this  contour  approximates  the 
interception  contour  whenever  the  interception  contour  is  determined  by 


the  nearly  parabolic  aprt  of  (1  - e 

When  X's  position  is  on  the  interception  contour,  the  course  p 
that  he  must  use  to  intercept  Y is  determined  b"  the  normal  to  the  inter- 
ception contour  at  this  point,  it  is  fairly  easy  to  establish  from  the 
geometry  of  the  situation  that 


(5-3)  a /3  £ fi  * 

and  that  all  three  interception  courses  agree  for  c K = 0 and  a - nr. 

Figure  8 gives  a graphical  comparison  of  the  minimal  energy  con- 
tour and  the  parabolic  energy  contour  with  the  corresponding  interception 
contour.  The  calculations  for  these  curves  were  made  by  using  the  results 
of  Tables  1 and  2. 
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If  E^(T)  = KT,  as  v;o  Id  lie  the  rase  if  X could  obtains  an  unlimited 

___ 

amount  of  ener.'~y  from  hie  power  sup>  1 , . o the/  l>  - Cc)  , a 

constant.  Substituting  t.iis  value  of  I in  (2.^),  we  see  that  the  equation 
for  X's  i.ntercc;.tion  contour  becomes 


(5.4) 


x = VT  - 3J 

y = ±UT  /l  - 


Dpon  eliminating  T they  become 


( C,  c\ 


/ = ± 


'V*-  - TJ2 


2 

where  x £ 0 and  U = (■c)"i/  . Thus  if  U <.  V the  interception  contour 
consists  of  two  rays  as  illustrated  by  Figure  9.  For  U > V,  (x  C,  0), 
the  interception  domain  is  the  entire  plane. 


y - : -i  ^ 

* \lv-\j1- 


FIGURE  9 

One  of  the  principle  reasons  for  inserting  this  section  in  the 

-7VZ 

report  is  the  thought  that  the  function  E QJ 1 - e ) might  not 

always  be  an  accurate  description  of  X’s  available  energy.  If  tnis 
should  occur,  then  perhaps  the  above  results  ear.  be  of  value. 
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6.  The  Intercept 1 on_ Probability 

The  interception  contour  may  be  constructed  about  X as  well  as  Y 
where,  of  course,  it  is  assumed  that  Y has  always  the  same  course  and 
speed  regardless  of  position.  This  mav  be  accomplished  by  placing  X at 
the  origin  of  the  old  interception  contour  and  reversing  Y:s  direction. 

In  this  section  the  interception  contour  will  be  taken  relative  to  X. 

]>t  us  suppose  that.  X can  detect  Y,  if  Y is  within  the  range  R 

of  X.  If  we  further  assume  X to  be  fixed  for  an  indefinite  period  of 

» • 

time  and  Y to  be  uniformly  distributed,  then  the  probability  of  X success- 
fully interception  Y is  equal  to  y'/R  if  x*  > 0 and  equal  to  1 if  x'i  0. 
Figure  10  illustrates  the  first  situation. 


Thus,  the  interception  probability  (Rj)  is  readily  calculated, 

once  the  point  (x',  y{)  i3  known.  However,  this  point  is  the  upper 

2 2 2 

intersection  point  of  x + y = R with  the  interception  contour, 
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L.*-.,  the  p.'ir.t  satisfying 


(6.1) 


r 2 2 2 

x + y - R 


x = VT  - 6’T  d I / 

T ST  L J 


^ y f UT 


y i - fiiL[uT] 

/ (v  aT  L 


This  point  may  be  found  by  eliminating  x and  y in  (6.1)  and  finding 
the  T that  satisfies  the  resulting  expreSsicn  in  V,  U and  JjL  H- 


This  T may  then  be  inserted  in  the  last  equation  of  (6.1)  to  find  y' . 
It  appears  to  us  trial  this  procedure  involves  as  much  labor  as  the 
construction  of  the  interception  contour  from  which  the  probability 
may  readily  be  determined. 

However,  if  the  minimal  enerry  contour  is  used  in  place  of  the 
interception  contour,  then  the  above  method  may  be  employed  with  con- 
siderable success.  In  this  case  we  wish  to  find  the  (x’,y')  which 
satisfies 


(6.2) 


x2  + y2  = R2 
x = VT  - Slf- 

_V 


y = UT 


V- 


J 


<r- 1 

IT 


\ 

l 


tJ 


Eliminating  x and  y in  (6.2),  we  obtain 


(6.3)  (VT)2  - _X_r_2  (TJT)2  = R2  or 

0” 

(6.4)  (UT)  = V - (£)2 

The  right  hand  side  of  (6.4)  is  a hyperbola  and  thus  graphical 
means  may  be  used  to  determine  the  desired  T..  Figure  11  illustrate^ 


this  method. 


. i > rs 

. 1-/  IS 


1 


RESTHIOTiSn 


APPENDIX 


-llowing  is  a list  of  the  partial  derivatives  cf  the  interception 
contour  and  the  minimal  energy  contour  with  respect  to  the  parameters 

& , E Qp,  b,  and  c. 


latex'ceDtion  contour. 


\ cPx  _ j i j U 7~ 

| r Vtr1' 

) M..—L / y.T  L.n^ 

<w  rrcvjr  (T  "j 


/ _ ‘/jJlA. 

• hr/T  a 


e /r/*  - / 


■{if  j W L»«.  ^ J-  jL(a  f) 


Minimal  energy  contour 


[Y I - d ry?-  #]  5 ^ 


n (?~- 


c?\  ^ 

2 3^o ! 

Interception  contour 

= - gLu-S 
\ dE*  «-o  17 


itour  

1)^(1- z'1^) 


_ j. 


/-  a. 


d x 


Minimal  energy  contour 


Interception  contour 


J l } 
+ -rvJ  J V 

* ' Vat 


_lvt  r l 

y-  <r  • ^ Tfjid 


■,a-t  i 


■ H 
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Minimal  energy  contour 


/_  - c K 

( '( <nr 


z^jrTrb 


Interception  con-ci.r 

_ J_  c)x 

"c,  dEoo 

_ | c>  c| 

c)  ^ ° cJ'F^ 


Minimal  energy  contour 


dx_ 

cJ  O 


T-/  f 
• ^ 

OC“ 


^ =£  ~TU  l-'LS'2' 
9 o ocr  7 / - 5 ^ 


